The purpose of this paper is to study an optimal stopping problem with constraints for a Markov chain with general state space by using the convex analytic approach. The costs are assumed to be nonnegative. Our model is not assumed to be transient or absorbing and the stopping time does not necessarily have a finite expectation. As a consequence, the occupation measure is not necessarily finite, which poses some difficulties in the analysis of the associated linear program. Under a very weak hypothesis, it is shown that the linear problem admits an optimal solution, guaranteeing the existence of an optimal stopping strategy for the optimal stopping problem with constraints.
Introduction
The purpose of this paper is to study an optimal stopping problem with constraints for a Markov chain with general state space by using the convex analytic approach. This method has proved to be very effective for solving constrained versions of different optimal control problems. Without attempting to present an exhaustive literature review, the interested reader may consult the surveys [15] , [18] , and the references therein to obtain a rather complete view of this research field. The key idea is to reformulate the control problem as a primal linear program (PLP) in a space of measures in which the main object of interest is the occupation measure of the controlled process. This approach is well developed for discounted Markov decision processes (MDPs) and for MDPs with long-run average rewards [1] , [11] , [12] , [17] . Work on MDPs with total undiscounted rewards has received less attention, although investigations on transient and absorbing models with discrete state space have been treated in a recent book [1] . Of particular importance is the fact that, for absorbing models, occupation measure corresponding to each control policy is finite, while for transient models, it takes finite values on singletons. The convex analytic approach has also been used for investigating many other models, such as continuous-time Markov chains and more general Markov processes, including diffusions [5] , [9] , [19] . More particularly, optimal stopping problems for continuous-time Markov processes are shown in [5] to be equivalent to infinite-dimensional linear programs over a space of pairs 948 F. DUFOUR AND A. B. PIUNOVSKIY of measures under the assumption that the expectation of the stopping time is finite. In [19] , a simple standard continuous-time controlled Markov chain is studied using the notion of an occupation measure. A similar approach, but for a more general model, is presented in [9] , where it is also proved that the convex analytic approach is dual to that of dynamic programming; namely these two approaches lead to a dual pair of linear programs.
On the other hand, there exist very few works devoted to the development of the convex analytic approach for the optimal stopping of a discrete-time Markov chain. To the best of the authors' knowledge, [13] and [14] are the only references addressing such a problem. In these works, the author investigated the case of a finite state space under conditions which guarantee that, formally speaking, the model is absorbing, and, for each control policy, the expected value of the stopping time is finite. We may also mention other references [3] , [4] , [6] , [16] , [21] , in which single-objective optimal stopping problems are investigated using the dynamic programming approach. In particular, a linear programming formulation of the optimal stopping problem for MDPs is approximated using linear function approximation in [3] . In the book [4] , the authors studied optimal stopping problems both in the discrete-time and continuous-time frameworks in the context of economics and finance applications. In [6] , the authors investigated an optimal stopping problem for the class of piecewise-deterministic Markov processes and provided a numerical approximation scheme. In [16] , the solution of the optimal stopping problem for processes with independent increments is analyzed. It is shown that the solution is related to the root of the Appell function associated with the maximum of the process. Finally, nonstationary stopped decision processes are studied in [21] using operator theory, rather than martingale theory.
Our work appears to be the first attempt to study the constrained version of optimal stopping of a discrete-time Markov chain with general state space by using the convex analytic approach. It can be shown that the optimal stopping problem is equivalent to an MDP with a total undiscounted cost. Therefore, this equivalence result provides a natural way to analyze the optimal stopping problem by using the convex analytic approach. In the current paper, all the costs are assumed to be nonnegative and there is at least one policy with a finite (vector) performance satisfying the required inequality constraints. It is important to point out that in our case we do not assume that the stopping time has a finite expectation. Moreover, the equivalent MDP is not necessarily transient or absorbing. As a result, the occupation measure is not necessarily finite, which renders the PLP very difficult to analyze. Moreover, admissible solutions to the PLP can be phantom solutions, i.e. they do not correspond to any control policy. This means that the linear equation on the space of measures, which usually completely characterizes the space of occupation measures, defines a wider space in our case.
In Section 2 we formulate the optimal stopping problem and show that it is equivalent to an MDP with total expected cost. In Section 3 we study the PLP related to the unconstrained optimal stopping problem through the MDP. We show how to construct an optimal policy from an optimal solution to the PLP. Moreover, an important property is derived showing that, for any admissible solution to the PLP, there exists a policy for which the associated occupation measure provides an admissible solution to the PLP with a better value of the cost. This result will be crucial for the analysis of the constrained problem provided in Section 5. An example is presented in Section 4 illustrating all the theoretical issues and, in particular, the existence of phantom solutions to the PLP. Finally, Section 5 is dedicated to the analysis of the constrained version of the optimal stopping problem. Contrary to the unconstrained case, it is far from trivial to show that the PLP with constraints admits an optimal solution. The main result of this section is to prove that this result holds under a very weak condition guaranteeing the existence Multiobjective stopping problem for discrete-time Markov processes 949 of an optimal stopping strategy for the constrained version of the optimal stopping problem. This is done by introducing a suitable topology on a space of occupation measures. For the sake of clarity, most of the proofs of our results are presented in Appendix A.
The following notation will be used in this paper: N denotes the set of natural numbers, R denotes the set of real numbers, R + denotes the set of nonnegative real numbers, andR + denotes R + ∪{+∞}. The term measure will always refer to a countably additive,R + -valued set function. Let E be a Borel space and denote by B(E) its associated Borel σ -algebra. The set of measures defined on (E, B(E)) is denoted by
The setwise convergence of a sequence of measures (γ n ) n∈N to a measure γ ∞ is denoted by lim n→∞ γ n = γ ∞ . Let f be a measurable function defined on E and η ∈ M(E) + . The integral of f with respect to η is denoted by η(f ) = E f (y)η(dy). Recall that if W 1 and W 2 are positive kernels on E given E, the product of W 1 and W 2 is defined by
. For a kernel W on E given E, the iterates W n for n ∈ N ∪{0} are defined by setting W 0 (x, B) = δ x (B) for any (x, B) ∈ E × B(E), and, iteratively, W n = W W n−1 . For any nonnegative measurable function f on E, Wf is the measurable function defined on
The restriction on a set B ∈ B(E) of a measure η is denoted by η B (C) = η(B ∩ C) for any C ∈ B(E).
Problem formulation
In this section we describe the optimal stopping problem using a weak formulation. For a weak formulation of the optimal stochastic control problem, we refer the reader to [7] , [8] , and [10] . We then introduce an auxiliary control problem defined in terms of an MDP and show that it is equivalent to the optimal stopping problem (see Theorem 2.1). Some basic definitions related to the occupation measures of the MDP are also presented.
Optimal stopping
Let E be a Borel space, let S be a stochastic kernel on E given E, and let ν be an arbitrary probability measure on E. In this subsection we define the optimal stopping problem for a Markov chain {x t } with state space E generated by the Markov kernel S. The objective is to stop the process at a random time τ in order to minimize a cost function in the presence of constraints.
Definition 2.1. The control is defined by
is a filtered probability space;
• {x t } t∈N is an E-valued {F t } t∈N -Markov chain defined on ( , F , Q), where S is its associated transition kernel and ν is its initial distribution;
• τ is an {F t } t∈N -stopping time.
The set of previous controls is denoted by and E Q denotes the expectation under the probability Q.
For the sake of clarity, different notation will be used for the cost functions of the unconstrained and constrained versions of the optimal stopping problem. The unconstrained case. Let r : E → R + and R : E → R + be measurable functions. For a control λ ∈ , the performance criterion is given by
The unconstrained optimal stopping problem, labeled (P 1 ), we are interested in is to minimize J (λ) over .
The constrained case. Let (r n ) n=0,...,N and (R n ) n=0,...,N be R + -valued measurable functions defined on E, and let (j n ) n=0,...,N be numbers in R + . For a control λ ∈ , the performance criterion is given by
and the constraints are given by
The constrained optimal stopping problem, labeled (P 2 ), we are interested in is to minimize J 0 (λ) over subject to J n (λ) ≤ j n for n ∈ {1, . . . , N}.
Auxiliary control problem
Following the notation of [11] , we introduce the control model (E , A, L), where E = E × {0, } is the state space, A = {0, 1} is the control set, and L is the stochastic kernel on
for all B ∈ B(E), C ⊂ {0, }, (y, z) ∈ E , and a ∈ A. Let be the set of all randomized past-dependent control policies π = {π t } t∈N , where π t is a stochastic kernel on the control set A given (E × A) t−1 × E . A randomized control policy π = {π t } t∈N ∈ is said to be stationary if π t = π s for any t ∈ N, where π s is a stochastic kernel on the control set A given E . By a slight abuse of notation, if π s is a stochastic kernel on the control set A given E , then the corresponding stationary control policy will be denoted by π s instead of {π t } t∈N with π t = π s for any t ∈ N. Define G = (E × {0, } × A) ∞ , and let G be its associated product σ -algebra. According to [11, Section 2.2] , for an arbitrary policy π ∈ , there exists a probability measure P π ν on (G, G) such that the coordinate projections y t , z t , and a t from G to the sets E, {0, }, and A, respectively, satisfy
A probability on (G, G) is said to be induced by a control policy π ∈ if it satisfies (i)-(iii), and it will be denoted by P π ν . In this case, E π ν denotes the expectation under the probability P π ν .
Introduce the cost functions c : E × A → R + and c n :
for any (y, z) ∈ E and a ∈ A. As for the optimal stopping problem, two different MDPs are introduced. The unconstrained version where the performance criterion to minimize is defined by
and the constrained version where the performance criterion to minimize is defined by For a policy π, let us introduce the following expected occupation measures:
for any ∈ B(E). In [13] and [14] , the measures µ π o and µ π τ are called the running and stopped occupation measures, respectively.
Since c(y, , a) = 0 for any (y, a) ∈ E × A, the performance criterion for the auxiliary control problem defined by (2.3) can be rewritten as
. . , N}. For notational convenience, the measure µ π o + µ π τ will be denoted by µ π . We note that the probabilistic interpretation of µ π is
The next result shows that the constrained and unconstrained optimal stopping problems are respectively equivalent to the constrained and unconstrained MDPs previously defined. 
Conversely, for any π ∈ , there exists a control λ = ( ,
Proof. See Appendix A.
Convex analytic approach for the unconstrained problem
Having shown that the optimal stopping problem can be reformulated as an MDP, we now study in this section the PLP related to the unconstrained problem. We show how to construct an optimal policy from an optimal solution to the PLP; see Proposition 3.1 and Definition 3.2. An important property is obtained showing that, for any admissible solution to the PLP, there exists a policy for which the associated occupation measure provides an admissible solution to the PLP with better value of the cost; see Theorem 3.1. A crucial corollary of this result (see Corollary 3.2) is then derived for the analysis of the constrained problem provided in Section 5. By using a dynamic programming argument, it is proved in Theorem 3.2, under a very weak assumption, that the unconstrained PLP admits an optimal solution, guaranteeing the existence of an optimal stopping time for the unconstrained problem. Finally, we show that admissible solutions to the PLP can be phantom solutions, i.e. they do not correspond to any control policy. However, Theorem 3.3 provides a connection between the optimal phantom solutions of the PLP and the optimal solutions of the PLP associated to a policy.
The unconstrained PLP is defined as follows: minimize µ o (r) + µ τ (R) subject to
is called an optimal solution to the unconstrained PLP if it is admissible and µ 
Condition 3.1. There exists an admissible pair of measures
Introduce the kernels
is the average amount of time the Markov chain spends in the set C up to the time where the chain enters B for the first time. 
Proof. According to Lemma 3.1(a), for any control policy π , the pair of measures (µ π o , µ π τ ) is admissible for the PLP. Consequently, according to (2.6) 
. However, combining Theorem 3.1 and the fact that (µ * o , µ * τ ) is an optimal solution to the PLP, there exists a stationary policy π * such that
, completing the proof. In the case where the state space is finite, the PLP has no phantom solution [13] , [14] .
(c) For an optimal solution (µ * o , µ * τ ) to the PLP, an optimal control policy π * can be constructed according to Definition 3.2. 
Proof. We can apply exactly the same argument as at the end of the proof of Theorem 3.1, becauseR(y) = 0 if y ∈ E R 0 andr(y) = 0 if y ∈Ê. Theorem 3.2. Under Condition 3.1, the unconstrained PLP has an optimal solution leading to the existence of an optimal stopping time for the unconstrained optimal stopping problem (P 1 ).
Proof. The optimization problem inf π∈ V (π) associated to the unconstrained MDP has a solution due to Corollary 9.17.1 of [2] . The dynamic programming approach to optimal stopping of discrete state space process is presented in [20 
. Now, according to Theorem 2.1, the control λ * ∈ associated to the optimal control policy π * ∈ is optimal for problem (P 1 ), completing the proof. 
Example
In this section we present an example that illustrates the fact that (optimal) solutions (γ o , γ τ ) can exist to the PLP for which there does not exist any policy π such that γ o = µ π o and γ τ = µ π τ , namely there exist (optimal) phantom solutions to the PLP.
The state space is defined by E = {A 1 , A 2 , A 3 , A 4 , A 5 , 1, 2, . . . , 1 , 2 , . . . , 1 , 2 , . . .}. The transition kernel S of the Markov chain is given by
All other transition probabilities are 0. The initial distribution ν is defined by ν(
. The values of loss functions r and R are given in Table 1 . In the proof of Theorem 3.1, it was shown that the state space E of the Markov chain admits a decomposition into the subsets D, E R 0 , andÊ : E = D ∪ E R 0 ∪Ê. Let us denote by E R the set of states x for which R(x) > 0 and by E r the set of states x for which r(x) > 0. Then the following assertions hold.
• D contains E r ∩ E R and such states y satisfying R(y) > 0 and r(y) = 0 and for which there exists a path in the set E R of the Markov chain generated by the kernel S starting from y and reaching the set E r ∩ E R . This gives
• E R 0 is the set of states x such that R(x) = 0, giving
It is very easy to describe the optimal stopping policy given by
• π * (0 | i , 0) = 1 for all i because R(i ) = 1, but starting from i the process will reach state A 3 and terminate, leading to the zero total loss; Table 1 . • π * (0 | A 4 , 0) = 1 because of the same reason;
• π * (0 | A 5 , 0) = 1 because R(A 5 ) = 1 > 0, but, never being stopped, the process, starting from the absorbing state A 5 , provides no loss;
• π * (0 | A 1 , 0) = π * (0 | i, 0) = 1 for all i ≥ 1 because the total loss on the infinite horizon in the chain starting from A 1 or from i ≥ 1 does not exceed 2, whereas the cost of stopping equals R = 3;
• π * (1 | A 2 , 0) = 1 because the stopping cost R(A 2 ) = 1 is smaller than 2, the total minimal possible future loss if the process starting from A 2 is not stopped;
• π * (0 | i , 0) = 1 for all i because R(i ) = 3, but starting from i , the process will either terminate at A 2 or will never be stopped, leading to a total expected cost of Combining parts (b) and (c) of Lemma 3.1, we can compute the occupation measures µ π * o and µ π * τ given in Table 2 , which provide an optimal solution to the PLP, according to Theorem 3.1.
It is interesting to note that the PLP has other optimal solutions (γ o , γ τ ) which do not correspond to any stopping policy. Indeed, it is easy to check that, for any constant c ∈ R ∪{∞}, the measures Table 2 . . The optimal policy π * is also not transient because
Therefore, the auxiliary control problem under consideration is neither absorbing nor transient.
Constrained version of the optimal stopping problem
In this section, the constrained version of the optimal stopping problem is investigated through the related constrained version of the PLP. By introducing a suitable topology on a set of occupation measures, an existence result (see Theorem 5.1) for an optimal solution of the PLP with constraints is obtained, guaranteeing the existence of an optimal stopping time for the constrained optimal stopping problem. This result holds under a very weak assumption (see Condition 5.1). It must be pointed out that the dynamic programming argument used to prove the existence result for the unconstrained case cannot be used here in the presence of constraints.
The constrained version of the PLP (3.1) is defined as follows:
For notational convenience, let g t : G → E × A be defined by
g t (ω) = (y t (ω), z t (ω), a t (ω)),
and define
. . , g t−1 (ω), y t (ω), z t (ω))
for ω ∈ G and t ≥ 1. Denote by P the set of probability measures on (G, G) and by P π the .4) and (2.5) for a policy π ∈ . Let B be the mapping B :
. In order to define a topology on P , we need to introduce the set of functions W t as a subset of bounded measurable functions f : (E × A) t × E → R such that, for any (e 0 , . . . , e t ) ∈ (E ) t+1 , the function f (e 0 , ., e 1 , ., e 2 , . . . , e t−1 , ., e t ) defined on A t is continuous.
The ws ∞ -topology on P is defined as the coarsest topology rendering the mappings P → G f (h t (ω)) dP(ω) continuous, where f ∈ W t and t ≥ 0. For more details on the ws ∞ -topology, we refer the reader to [22] . The set P π is endowed by the induced topology. Note that items (1) and (2) of Conditions (S) of [22] are satisfied. Therefore, P π is compact (see Theorem 6.6 of [22] ).
The topology on D π is defined as the strongest topology for which the mapping B is continuous (the final topology on D π associated to the mapping B).
Lemma 5.1. For any nonnegative measurable functions r and R, and any
K is compact and the mapping D :
Proof. Let us show that the set
in the ws ∞ -topology (where c is given by (2.2)).
Clearly, by definition, the mappings A n : P π → R + defined by
are continuous and so the mapping A : P π → R + defined by
is lower semi-continuous because c ≥ 0. However, the set
and so it is closed and compact. Since Proof. Letπ be control policy, and let j 0 be the constant satisfying Condition 5.1. Introduce the sets D 
However, according to Corollary 3.2 with r = N n=0 r n and R = N n=0 R n , it follows that, for
Now, according to Theorem 2.1, the control λ * ∈ associated to the optimal control policy π * ∈ is optimal for problem (P 2 ), completing the proof. Note that the previous construction of the policy π does not depend on the cost functions. Observe that {t < τ} = {u t = 0} = {u t = 0} ∩{d t = 0} and {t = τ } = {u t = 1} ∩{d t = 0}, and so the cost is given by
Similarly, J n (λ) = V n (π ) for all n ∈ {0, . . . , N}, completing the first part of the proof.
Conversely, consider a policy π and the processes {y t } t∈N , {z t } t∈N , and {a t } t∈N as defined in Section 2.2 on the probability space (G, G, P π ν ). Define F t = σ {y 0 , a 0 , . . . , y t , a t }. Clearly, the process {y t } t∈N defined on (G, G, P π ν ) is an E-valued {F t } t∈N -Markov chain with transition kernel S and initial distribution ν. Now define τ = inf{t ∈ N : a t = 1}, and if this set is empty then set τ = ∞. Then τ is an {F t } t∈N -stopping time. Observe that {t < τ} = {a t = 0} ∩{z t = 0} and {t = τ } = {a t = 1} ∩{z t = 0}. Consequently, we have
Using similar arguments, we have V n (π ) = J n (λ) for all n ∈ {0, . . . , N}. Therefore, the control λ defined by (G, G, P π ν , {F t } t∈N , {y t } t∈N , τ ) belongs to , and satisfies J (λ) = V (π) and J n (λ) = V n (π ) for all n ∈ {0, . . . , N}.
In both cases, it is easy to check that τ = inf{t ∈ N : a t = 1} = ∞ t=0 1 E×{0}×{0} (y t , z t , a t ) and
. This completes the proof.
A.2. Proof of Lemma
According to Lemma 9.4.3(c) of [12] , we obtain, for ∈ B(E), y, z, a) ), where the measure ρ is defined by ρ( 
showing that ν 1 = T π s ν 0 . Now, assume that ν t = T π s ν t−1 for t ≥ 1. Then, using similar arguments, it is easy to obtain
However,
which, upon using the definition of T π s , completes the induction step. The operator T π s is monotone: if η 1 ≥ η 2 then T π s η 1 ≥ T π s η 2 . Consequently, we have ν t+1 ≥ ν t for t ≥ 0, and so the limit of ν t as t tends to ∞ exists, lim t→∞ ν t = ν ∞ , implying that ν ∞ = T π s ν ∞ . However, from the definition of ν t , it follows that ν ∞ = µ π s , yielding T π s µ π s = µ π s .
Ifμ ≥ 0 is another measure on E satisfyingμ = T π sμ then, by the definition of T π s , we have ν ≤μ. Since the operator T π s is monotone, it is easy to show by induction that ν t ≤μ, implying that ν ∞ = µ π s ≤μ, completing the proof of part (b). 
A.3. Proof of Proposition 3.1
The proof of this result is very involved and so it is divided into several preliminary results.
follows from the definition of F that Proof of Proposition 3.
Let us show by induction that the measure µ o is σ -finite on B k for k ∈ N, and the result will follow.
The measure µ o S is σ -finite on E r ∩ E R since µ o S + ν = µ o + µ τ and µ o + µ τ is σ -finite on E r ∩ E R . Consequently, by applying Lemma A.2 we find that µ o is σ -finite on B 1 . Assume that µ o is σ -finite on B k for k ∈ N. Since B k ⊂ E R , µ τ is σ -finite on B k and we find that µ o S is σ -finite on B k . Again, applying Lemma A.2, we find that µ o is σ -finite on {x ∈ E : S(B k | x) > 0}. However, note that B k+1 ⊂ {x ∈ E : S(B k | x) > 0}, which completes the induction.
A.4. Proof of Theorem 3.1
In order to prove this result, we first need the following technical lemma. Lemma A.3. For any ∈ B(D), the following inequalities hold:
Proof. Note that, by the definition of π s , for any ∈ B(D), we have
According to Lemma 3.1, µ π s = lim t→∞ ν t , where ν t+1 = T π s ν t for t ≥ 0 and ν 0 = ν. Let us show by induction that, for all t ≥ 0,
Now assume that, for any ∈ B(D), π s (0 | y, 0)ν t (dy) ≤ µ o ( ) for t ≥ 1. From Lemma A.1 and bearing in mind that π s (0 | y, 0) = 0 for any y ∈ E R 0 , we obtain
Using (A.4), we complete the induction. Now by taking the limit in (A.5) we obtain (A.2). Similar arguments can be used to show (A.3).
Proof of Theorem 3.1. Combining Lemma 3.1(c) and (2.6), it follows that
However, from the definition of π s and the set D, we obtain
From the previous lemma, we obtain
A.5. Proof of Theorem 3.3
The proof of this result is divided into several steps.
. Proof. Clearly, combining Lemma A.3 and Lemma 3.1(c), we have, for all ∈ B(D), Proof. By definition, π * (0 | y, 0) = 0 for all y ∈ E R 0 . Therefore, using Lemma 3.1(c), we have µ π * o (E R 0 ) = 0, implying that, for all ∈ B(E) and k ≥ 0,
Now assume that there exists
for all x ∈ E and ∈ B(E r ∩ E R ). Now by the definitions ofÊ and F 0 , S(I E R S) k ( | x) = 0 for all x ∈Ê and ∈ B(E r ∩ E R ), and so, using (A.6),
for all ∈ B(E r ∩ E R ), completing the proof.
Proof. Let us prove this result by induction. Clearly, the result holds for k = 0 because of Proposition 3.1 and Lemma A.4, and the fact that E r ∩ E R ⊂ D. Now assume that the result holds for k ≥ 0. Consider any ∈ B(E r ∩ E R ). Then, using the fact that (µ π * o , µ π * τ ) is an admissible solution for the PLP, we obtain According to Theorem 2.1, the measure µ π * τ is finite. Recalling that the measure ν is finite and using the induction hypothesis, we find that the measure µ π 
Proof. In order to obtain the result, let us show that
for all x ∈ D and k ≥ 0 by induction. This is clearly true for k = 0. Now assume that the result holds for k ≥ 0. Consider x ∈ D. Then,
Owing to Lemma A.1, we have S(I E R S) k (E r ∩ E R | y) = 0 for all y ∈Ê. Therefore, IÊS(I E R S) k (E r ∩ E R | x) = 0, and so
SI D S(I E R S) k (E r ∩ E R | x) = S(I D + IÊ)S(I E R S) k (E r ∩ E R | x).
However, I E R = I D + IÊ, completing the induction. 
